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s.2012.0Abstract Let CE([d, 0]) (resp. CB(0,T)([d, 0]) be the Banach space of continuous functions from
[d, 0] into a Banach space E (resp. into B(0,T)), where B(0,T) = {x 2 E : ixi 6 T} and let
C 2 CEð½d; 0Þ. In this paper we prove an existence theorem for the differential equation with delay(tian Mathematical Society
g by Elsevier
ical Society. Production and
8.007ðPÞ _xðtÞ ¼ f
dðt; htxÞ; t 2 ½0;T;
x ¼ C; on ½d; 0;
where ht : CBð0;TÞð½d; tÞ ! CEð½d; 0Þ is such that htxðsÞ ¼ xðtþ sÞ for all s 2 [d, 0] and for
all x 2 CB(0,T)([d, t]) while fd is a function from [0,T] · CB(0,T)([d, 0]) into E. By using
ðRE;N ; pÞ– measure of noncompactness and under a generalization of the compactness
assumptions, we prove an existence theorem and give some topological properties of solution
sets of the problem
(
ðQÞ _xðtÞ 2 AðtÞxðtÞ þ F
dðt; htxÞ; t 2 ½0;T;
x ¼ C; on ½d; 0;where Fd : [0,T] · CE([d, 0])ﬁ Pfc(E), Pfc(E) is the set of all nonempty closed convex subsets
of E while ht : CE([d, t])ﬁ CE([d, 0]) deﬁned by htx(s) = x(t+ s) " x 2 CE([d, t]),
"s 2 [d, 0] and {A(t) : 0 6 t 6 b} is a family of densely deﬁned closed linear operators gen-
erating a continuous evolution operator Sðt; sÞ.
ª 2012 Egyptian Mathematical Society. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license..
hostin1. Introduction
Put Bð0;TÞ ¼ fx 2 E : kxk 6 Tg; C ¼ CBð0;TÞð½d; 0Þ and
C0 = CE([d, 0]), where CB(0,T)([d, 0]) is the Banach space
of continuous functions from [d, 0] into B(0,T) and
CE([d, 0]) is the Banach space of continuous functions from
g by Elsevier B.V. Open access under CC BY-NC-ND license.
80 A.M. Gomaa[d, 0] into a Banach space E. Let fd : ½0;T  C! E be a
Carathe´odory function. For any t 2 [0,T], let
ht : CBð0;TÞð½d; tÞ ! C0 deﬁned by htxðsÞ ¼ xðtþ sÞ for all
s 2 [d, 0] and x 2 CB(0,T)([d, t]). Assume that Fd is a multi-
valued function from [0,T] · C0 into the set, Pfc(E), of all non-
empty closed convex subsets of E and {A(t) : 0 6 t 6 T} be a
family of densely deﬁned closed linear operators generating a
continuous evolution operator N ðt; sÞ. For each C 2 C, in Sec-
tion 3 we deal with the existence solutions to the differential
equations with delay of the form
ðPÞ _xðtÞ ¼ f
dðt; htxÞ t 2 ½0;T
x ¼ C; on ½d; 0;
(
we have a ﬁnite delay and use a measure of noncompactness
thus we improvement Theorem 9 in [1] and that with a gener-
alization of Theorem 2 in [2].
Moreover in Section 4 we consider the differential inclusion
ðQÞ _xðtÞ 2 AðtÞxðtÞ þ F
dðt; htxÞ; t 2 ½0;T
x ¼ C on ½d; 0;
(
where ht : CE([d, t])ﬁ C0 deﬁned by htx(s) = x(t+ s) for all
s 2 [d, 0] and for all x 2 CE([d, t]). Our purpose in this sec-
tion is to prove an existence theorem for integral solution of
the problem (Q) and we give some topological properties for
the solution set, SðCÞ, of the integral solutions for (Q), also
we have an important consequence of Theorem 4.1 in the ab-
stract control problems. In this section we have a generaliza-
tion to the existence theorems of Deimling [3], Ibrahim and
Gomaa [4], Kisielewicz [5] and Papageorgiou [6,7]. As
A(t) „ 0 the results extend that of [6,8–10].
2. Preliminaries
Let E be a Banach space and let us denote by P(E) the collec-
tion of all nonempty subsets of E. Let BE be the family of all
nonempty bounded subsets of E and let RE be the family of
all nonempty and relatively weakly compact subsets of E.
Deﬁnition 2.1. A nonempty family K  RE is said to be a
kernel if it satisﬁes the following conditions:
(i) A 2 K) conv A 2 K,
(ii) B–;; B  A) A 2 K,
(iii) A subfamily of all weakly compact sets in K is closed in
the family of all bounded and closed subsets of E with
the topology generated by the Hausdorff distance.
Deﬁnition 2.2. A function c : BE ! ½0;1Þ is said to be a mea-
sure of noncompactness with the kernel K if it is subject to the
conditions:
(i) cðAÞ ¼ 0() A 2 K,
(ii) cðAÞ ¼ cðAÞ, where A is weak closure of the set A,
(iii) c(conv A) = c(A),
(iv) A;B 2 BE; B  A) cðBÞ 6 cðAÞ [11,12].
Denote by N a basis of neighbourhoods of zero in a locally
convex space composed of closed convex sets andN
0 ¼ frN : N 2 N ; r > 0g. The following two deﬁnitions can
be found in [13,14].
Deﬁnition 2.3. A function p : N 0 ! ½0;1Þ is said to be p–
function if it satisﬁes the following conditions:
(i) X ; Y 2 N 0; X  Y ! pðX Þ 6 pðY Þ,
(ii) for each e> 0 there exists X2 N 0 such that p(X) < e,
(iii) p(X) > 0 whenever X R K.
Deﬁnition 2.4. A function c : BE ! ½0;1Þ is said to be
ðK;N ; pÞ measure of noncompactness if and only if
cðUÞ ¼ inffe > 0 : 9A 2 K;X 2 N 0;U  Aþ X; pðXÞ 6 eg;
for each U 2 BE.
For any nonempty bounded subset Z of E we recall the def-
inition of Kuratatowski measure, a, of noncompactness and
the Haudorff measure, a*, of noncompactness
aðZÞ ¼ inffe > 0 : Z admits a finite number of sets with diameter < eg;
aðZÞ ¼ inffe > 0 : Z admits a finite number of balls with radius < eg:
For the properties of a and a* we refer to [12,15] for in-
stance. Each the Kuratowski measure of noncompactness
and the Hausdorff measure of noncompactnessare is
ðK;N ; pÞ– measure of noncompactness (see [13]).
In this paper we consider I= [0,T], k is the Lebesgue mea-
sure on I and LðEÞ is the algebra of all continuous, linear oper-
ators from E to E. For each t 2 I; ht is the function from
CB(0,T)([d, t]) into C0 deﬁned by
htxðsÞ ¼ xðtþ sÞ 8 s 2 ½d; 0; 8 x 2 C:
and ht is that from CE([d, t]) into C0 such that
htxðsÞ ¼ xðtþ sÞ 8 s 2 ½d; 0; 8 x 2 C0:
If Q : I! 2E  f;g is measurable and integrable bounded
with weakly compact values, then set of all integrable selec-
tions of Q;r1Q, is weakly compact in the Banach space,
L1(I,E), of Lebesque Bochner integrable functions f : Iﬁ E
endowed with the usual norm [16].
Deﬁnition 2.5. If S : I I! LðEÞ such that Sðt; 0Þx0 is a
solution of the problem
ðiÞ _xðtÞ ¼ AðtÞx
xð0Þ ¼ x0

where {A(t) : t 2 I} is a family of densely deﬁned closed linear
operators on E, then a continuous function x : [d,T]ﬁ E is
called an integral solution of the problem (Q) if
x¼ C on ½d;0 and xðtÞ¼Sðt;0ÞCð0Þþ
Z t
0
Sðt;sÞfðsÞds for all t2 I;
since f(s) 2 Fd(s,hsx) and f 2 L1(I,E).
A multivalued function F : Eﬁ P(E) is upper semicontinu-
ous if for all open subset V of E F(V) = {x 2 E : F(x)  V} is
open in E. Let E* be the topological dual of the Banach space
E and Ew be the Banach space E endowed with the weak
topology. By taking Pf(E) the collection of all nonempty closed
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w  w sequentially upper semicontinuous if every weakly
closed subset A of E F(A) is weakly sequentially closed and
it is upper hemi-continuous (resp. weakly upper hemi-continu-
ous) if and only if for any
x 2 E; c 2 R fx 2 E : supy2FðxÞðx; yÞ < cg is open in E
(resp. in Ew). Moreover F is weakly sequentially upper hemi-
continuous if and only if for any x* 2 E* the function
h : Ew ! R deﬁned by h(x) = supy2F(x)(x*,y) is sequentially
upper semicontinuous. For details and equivalent deﬁnitions
see, e.g. [17,18,16].
The following lemmas will be crucial in the proof our exis-
tence results.
Lemma 2.6. [8]. If F : Eﬁ Pcwk(E) is weakly sequentially upper
hemi-continuous then, for any weakly compact subset A ˝ E,
F(A) is weakly compact. Let Y be a Banach space and let F :
Eﬁ Pfc(Y) be weakly sequentially upper hemi-continuous. If
there exist a 2 L1ðI;RÞ, (xn)n2IN  C(I,E) and
(yn)n2IN[{0}  L1(I,E) such that iF(x(t))i 6 a(t) almost all
t 2 I and for all x 2 C(I,E), xn(t)ﬁ x0(t) weakly a.e. on I,
ynﬁ y0 weakly and yn(t) 2 F(xn(t)) a.e. on I, then
y0(t) 2 F(x0(t)) a.e. on I.
Lemma 2.7. [14]. Let c be a ðK;N ; pÞ–measure of noncompact-
ness such that p(aX) = ap(X) with X 2 N 0; a 2 R and let N
be composed of balanced sets. So, for each bounded subset U
of E and for each A 2 LðEÞ, we have c(AU) 6 ŒAŒc(U).
Lemma 2.8. [13]. If c is a ðK;N ; pÞ– measure of noncompact-
ness such that p(aX) = ap(X) with X 2 N 0; a 2 Rþ and for
each X;Y 2 N 0 we ﬁnd Xþ Y 2 N 0, then
(M1) c(U + V) 6 c(U) + c(V),
(M2) c(aU) = ac(U),
(M3) c(U) = 0 () U is relatively compact in E,
(M4) c(U [ {x}) = c(U), x 2 E,
(M5) U ˝ V) c(U) 6 c (V),
(M6) cðconvUÞ ¼ cðUÞ.
Under the assumptions in Lemma 2.8 on the measure c we
state the following lemma.
Lemma 2.9. [19]. Let V ˝ C(I,E) be a bounded equicontinuous
for the strong topology and V(J) = {x(t):x 2 V, t 2 J}, where
J is a subinterval of I. Then, under the assumptions in Lemma
2.8, c(V(J)) = supt2Jc(V({t})) = c (J(s)) for some s 2 J.3. Existence result for (P)
In the following theorem we have a ﬁnite delay and use a mea-
sure of noncompactness thus we improvement Theorem 9 in [1]
and that with a generalization of Theorem 2 in [2].
Theorem 3.1. Let fd : I C! E be a Carathe´odory function
and w be a Kamke function such that w(t, Æ) is nondecreasing for
every t 2 [0,T]. Suppose that the following conditions are
satisﬁed:(1) 8ðt;uÞ 2 I  C; kf dðt;uÞk 6 lðtÞ for some
l 2 L1ðI ;RþÞ,
(2) for each e> 0 and any nonempty bounded subset Z of
C there exists a closed subset Ie of I with k(I  Ie) < e
and c(fd(J · Z)) 6 supt2Jw(t,b(Z)) for any compact sub-
set J of Ie,
(3) for each u 2 C; f dðI  fugÞ is separable.
Then, for any C 2 C, the problem (P) has a solution.
Proof. For any arbitrary n 2 N and for every
ðt; xÞ 2 d; Tn
  Bð0;TÞ, set
fn1ðt; xÞ ¼
CðtÞ if t 2 ½d; 0
Cð0Þ þ ntðx Cð0ÞÞ if t 2 0; T
n
 
:
(
Also let h1ðt; xÞ ¼ fd t; hT
n
fn1ð; xÞ
  
and thus ih1(t, -
x)i 6 l(t). Set
S ¼ x 2 C 0;T
n
	 

;Bð0;TÞ
 
: kxðtÞ  Cð0Þk 6
Z T
n
0
lðsÞ ds
( )
;
then for each n 2 N we can deﬁne an element xm of S by
xmðtÞ ¼
Cð0Þ if 0 6 t 6 T
nm
Cð0Þ þ R t Tnm
0
h1ðs; xmðsÞÞ ds if Tnm 6 t 6 Tn ;
(
and .: Sﬁ S such that .ðxÞðtÞ ¼ Cð0Þ þ R t
0
h1ðs; xðsÞÞ ds, for
all t 2 0; T
n
 
. Now
lim
n!1
k.ðxmÞ  xmk ¼ lim
n!1
sup
t2 0;Tn½ 
k.ðxmÞðtÞ  xmðtÞk
6 lim
n!1
sup
t2 0; Tnm½ 
k.ðxmÞðtÞ  xmðtÞk þ sup
t2 Tnm;Tn½ 
k.ðxmÞðtÞ  xmðtÞk
0
@
1
A! 0:
Let K ¼ fxm : m 2 Ng; L ¼ f.ðxmÞ : m 2 Ng. If Id is the
identity function on A, then c ðId .ÞK 0; T
n
    ¼ 0 and from
Lemma 2.9 c((Id  .)K(t)) = 0 also for each t 2 0; T
n
 
cðKðtÞÞ 6 cððId .ÞKðtÞÞ þ cðLðtÞÞ:
Moreover
cðLðtÞÞ 6 cððId .ÞKðtÞÞ þ cðKðtÞÞ:
Thus we see that
cðKðtÞÞ ¼ cðLðtÞÞ:
Obvious the sets A and B are equicontinuous. Let vðtÞ ¼
cðLðtÞÞ; t 2 0; T
n
 
and so v(0) = 0. For each t; s 2 0; T
n
 
we
have
cðLðsÞÞ 6 cðLðtÞÞ þ cðLðsÞ  LðtÞÞ;
cðLðtÞÞ 6 cðLðsÞÞ þ cðLðtÞ  LðsÞÞ:
Then
jvðsÞ  vðtÞj 6 cðBð0; 1ÞÞ
Z s
t
lðsÞ ds
 
and so v is absolutely continuous function that is it is differen-
tiable a.e. on 0; T
n
 
. Let ðt; sÞ 2 0; T
n
  0; T
n
 
such that t 6 s.
82 A.M. GomaaSince v is continuous and w is Carathe´odory we can ﬁnd a
closed subset Ie of 0;
T
n
 
; d > 0; g > 0 ðg < dÞ and for s1,
s2 2 Ie; r1, r2 2 [0,T] such that if Œs1  s2Œ< d, Œr1  r2Œ< d,
then Œw(s1,r1)  w(s2, r2) Œ< e and if Œs1  s2Œ< g, then
jvðs1Þ  vðs2Þj < d2. Consider the partition P= {t0,t1,t2, . . . ,tm}
of [t,s] such that ti ti1 < g for i=1, . . . , n. Let Ai= {x(s):
x 2 K, s 2 [ti1,ti] \ Ie}. Moreover we can ﬁnd a closed subset Je
of 0; T
n
 
such that k 0; T
n
  Je  < e and that for any compact sub-
set K of Je and any bounded subset Z of
E; cðh1ðK ZÞÞ 6 sups2Kwðs; cðZÞÞ. Let Ti ¼ Je \ ½ti1;
ti \ Ie; P ¼
Pm
i¼1Ti ¼ ½t; s \ Je \ Ie and Q= [t,s] P. ThusR s
t
h1ðs;KðsÞÞ ds 
R
P
h1ðs;KðsÞÞ dsþ
R
Q
h1ðs;KðsÞÞ. In virtue of
Lemma 2.9 and from the continuity of v, we have ri 2 [ti1,ti] \ Ie
such that
cðAiÞ ¼ supfcðKðsÞÞ : s 2 ½ti1; ti \ Ieg ¼ vðriÞ:
Let Z be a bounded subset of E and
N ¼ hT
n
fn1ð; xÞ
 
: x 2 Z
n o
. Thus, for each t
2 0; T
n
 
; cðh1ðftg  ZÞÞ ¼ cðfdðftg NÞÞ. From Condition
(2), there exists a closed subset Je of 0;
T
n
 
such that
k 0; T
n
  Je  < e and that for any compact subset C of Je
cðh1ðC ZÞÞ ¼ cðfdðCNÞÞ 6 sup
s2C
wðs; bðNÞÞ:
Now if N ¼ hT
n
fn1ð; xÞ
 
: x 2 Ai
n o
, then
cðD1ðC AiÞÞ ¼ cðFdðCNÞÞ 6 sup
s2C
wðs; bðNÞÞ:
From the mean value theorem we obtain
Z
P
h1ðs;NðsÞÞ ds 
Xm
i¼1
Z
Ti
h1ðs;NðsÞÞ ds 
Xn
i¼1
kðTiÞconvh1ðTi  AiÞ
Now, from Lemma 2.9 and Condition 2, we have
c
Z
P
h1ðs;NðsÞÞ ds
 
6
Z s
t
wðs; vðsÞÞ dsþ eðs tÞ:
Invoking Lemma 2.7, we get
c
Z
Q
h1ðs;NðsÞÞ ds
 
6 cðBð0; 1ÞÞ
Z
Q
lðsÞ ds:
Therefore _vðtÞ 6 wðt; vðtÞÞ a.e. on 0; T
n
 
[19]. Since v(0) = 0
and w is a Kamke function, then v ” 0. Thus the closure of
ðxmÞn2N is compact and thus we can ﬁnd a subsequence ðxmkÞ
of (xm) which converges to a limit u1 in C 0;
T
n
 
;E
 
. Since
ixm  .(xm)i ﬁ 0 and . is continuous, then x= .(x). There-
fore there is a continuous function u1 such that u1 ¼ C on
[d,0] and u1 = x on 0; Tn
 
that is for each t 2 0; T
n
 
,
u1ðtÞ ¼ Cð0Þ þ
Z t
0
h1ðs; u1ðsÞÞds ¼ Cð0Þ þ
Z t
0
fd s; hT
n
fn0ðs; u1ðsÞÞ
  
ds:
Now for some k 2 {1,2,3, . . . ,n} and by taking k0 = k  1
we can assume that there exist a continuous function hk0 and
uk0 such that uk0 ¼ C on [d,0] and for each t 2 0; k0Tn
 
uk0 ðtÞ ¼ Cð0Þ þ
Z t
0
hk0 ðs; uk0 ðsÞÞds ¼ Cð0Þ þ
Z t
0
fd s; hk0T
n
fnk0 ðs; uk0 ðsÞÞ
 
ds
also let gnk : d; kTn
  Bð0;TÞ ! E be such thatfnkðt; xÞ ¼
uk0 ðtÞ if t 2 d; k0Tn
 
uk0
k0T
n
 þ n t k0T
n
 
x uk0 k0Tn
  
if t 2 k0T
n
; kT
n
 
:
(
Now for each ðt; xÞ 2 k0T
n
; kT
n
  Bð0;TÞ set hkðt; xÞ ¼
fd t; hkT
n
fnkð; xÞ
  
, then we have a continuous function uk de-
ﬁned on k
0T
n
; kT
n
 
by
ukðtÞ ¼ uk0
k0T
n
 
þ
Z t
k0T
n
hkðs; hkðsÞÞds:
Furthermore
uk0
k0T
n
 
¼ Cð0Þ þ
Z k0T
n
0
hk0 ðs; uk0 ðsÞÞds:
Hence there exists
gkðt; xkðtÞÞ ¼
hk0 ðt; xk0 ðtÞÞ if t 2 0; k0Tn
 
hkðt; xkðtÞÞ if t 2 k0Tn ; kTn
 
;
(
such that
ukðtÞ ¼ Cð0Þ þ
Z t
0
gkðs; xkðsÞÞds:
So, for any n 2 N, there exist vn such that vn ¼ C on [-d,0] and
for each t 2 I, vn is deﬁned by
vnðtÞ ¼ Cð0Þ þ
Z t
0
hnðsÞds;
where k
0T
n
6 t 6 kT
n
; k 2 f1; 2; 3; . . . ; ng and
hnðtÞ ¼ fd s; hkT
n
fnkð:; vnðsÞÞ
 
. Let t1, t2 2 I and t1 < t2. Now
kvnðt1Þ  vnðt2Þk 6
Z t2
t1
kfd s; hkT
n
fnkð:; vnðsÞÞ
 
kds 6
Z t2
t1
lðsÞds
since vn ¼ C on [-d,0], then L is equicontinuous in
CB(0,T)[d,T]. Moreover the set bðLðtÞÞ ¼ bðfvnðtÞ : n 2 NgÞ
is such that b(L(0)) = 0 and, as in the proof of Theorem 9
in [1] and by using Lemmas 2.8 and 2.9, we get b(L(t)) = 0
for all t 2 I. Thus by Ascoli’s theorem we may assume that
the sequence fvn : n 2 Ng converges uniformly to a function
v 2 CB(0,T)([d,T]) such that y ¼ C on [d, 0]. But
bðfhnðtÞ : n 2 NgÞ ¼ 0 and so fhnðtÞ : n 2 Ng is relatively
compact. Create a multivalued function F ðtÞ ¼
convfhnðtÞ : n 2 Ng. Thus FðtÞ is nonempty convex and com-
pact, the set d1F ¼ fl 2 L1ðI;EÞ : lðtÞ 2 FðtÞg is nonempty con-
vex and weakly compact. By Eberlein–Sˇmulian Theorem there
exists a subsequence ðhnkÞ of (hn) such that hnk ! l weakly,
l 2 d1F . Thus vn tends weakly to Cð0Þ þ
R t
0
lðsÞds. Moreover
since, for each n 2 N; vn 2 CBð0;TÞð½d;TÞ; vn converges uni-
formly to v on each compact subset of [d,T] and v is uni-
formly continuous on [d, 0]; also for each t 2 I, there exists
n > T
d
with t 2 k0T
n
; kT
n
 
for k 2 {1,2,3, . . . ,n} so,
hkT
n
fnkð:; vnðtÞÞ  htv
  6 sup
s2 d;Tn½ 
vn
kT
n
þ s
 
 v kT
n
þ s
 

	
þ v kT
n
þ s
 
 vðtþ sÞ




þ sup
s2 Tn;0½ 
T vnðtÞ  vn k
0T
n
  

	
þ vn k
0T
n
 
 v kT
n
þ s
 
þ v kTn þ s
 
 vðtþ sÞ




! 0 as n!1:
From Lemma 2.6 the proof is therefore complete. h
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Assume that F: I · C0ﬁ Pfc(E), where Pfc(E) is the family of
nonempty closed convex subsets of E. We say that F satisﬁes
(A) if:
(A1) kF dðt; CÞk 6 cðtÞð1þ kCð0Þk for each C 2 C0 and for
some c 2 L1ðI ;RÞ a.e. on I.
(A2) for each e> 0, there exists a closed subset Ie of I with k
(I  Ie) < e such that for any nonempty bounded subset
Z ofCE([d, 0]) and for each closed subset J ˝ Ie, one has
cðFdðJ ZÞÞ 6 sup
t2J
wðt; bðZÞÞ:(A3) F(Æ,C) has a measurable selection, for each
C 2 CEð½d; 0Þ.
(A4) for each t 2 I, Fd(t, Æ) is weakly sequentially upper hemi-
continuous.
In this section our purpose is to prove an existence theorem
for integral solution of the problem (Q), and give some topo-
logical properties for the solution set of all integral solutions
for (Q). The problem (Q) was investigated, without delay, by
many authors [3,10,8,9,20] for instance. In this case when
AðtÞ ¼ 0; Sðt; sÞ ¼ id and a mild solution is a Carathe´odory
one, we have a generalization to the existence theorems of
Deimling [3], Ibrahim and Gomaa [4], Kisielewicz [5] and
Papageorgiou [6,7]. As A(t) „ 0 the following results extend
that of [6,8–10].
Theorem 4.1. Let {A(t):t 2 I} be a generator of a fundamental
solutionN : I I! LðEÞ such thatN ðt; tÞ ¼ id; t 2 I; id is the
identity function on E; N ðt; sÞN ðs; rÞ ¼ N ðt; rÞ; t; s; r 2 I;
kN ðt; sÞk 6 C <1; t; s 2 I; N is continuous; N ð; sÞ is uni-
formly continuous, for each s 2 I.Moreover let F:I · C0ﬁ Pfc(E)
satisfy (A) and w be a Kamke function such that w(t, Æ) is
nondecreasing for every t 2 [0,T]. Then, for each x0 2 E, the
solution set of integral solutions S(x0) of (Q) is nonempty.
Proof. Let S1
Fdð:;vð:ÞÞ ¼ ff 2 L1ðI;EÞ : fðsÞ 2 Fdðs; hsvÞg. If v is an
integral of (Q), then v ¼ C on [d,0] and
vðtÞ ¼ N ðt; 0ÞCð0Þ þ R t
0
N ðt; sÞfðsÞds for all t 2 I and
f 2 S1
Fdð:;vð:ÞÞ. So, for each t 2 I,
kvðtÞk 6 kN ðt; 0ÞkkCð0Þk þ
Z t
0
kN ðt; sÞkkfðsÞk ds
6 C kCð0Þk þ kck þ
Z t
0
cðsÞkvðsÞk ds
 
:
Put C1 ¼ ðCkCð0Þk þ TkckÞeCkck, from Bellman’s inequal-
ity, iv(t)i 6 C1. Put u(t) = c(t)(1 + C1). So we may assume
iFd(t,v(t))i 6 u(t) a.e. on I since, otherwise we can replace Fd
by Gd which is deﬁned by
Gdðt; xðtÞÞ ¼
Fdðt; xðtÞÞ if x 2 Bð0;C1Þ
Fdðt; C1 :xðtÞkxk Þ if x R Bð0;C1Þ:
(
For each ðt; xÞ 2 d; T
n
  Ewith anatural number n 2 N set
gn1ðt; xÞ ¼
CðtÞ if t 2 ½d; 0
Cð0Þ þ ntðx Cð0ÞÞ if t 2 0; T
n
 
:
(Also let D1ðt; xÞ ¼ Fd t; hT
n
gn1ð; xÞ
  
. Now there exists
a multivalued function R : Bð0;C1Þ ! 2C 0;Tn½ ;Eð Þ which is
deﬁned by the following formula:
ðRxÞðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞFd t; hT
n
gn1ð:; xðsÞÞ
  
ds:
From Lemma 2.6 there exists an integrable selection rof
D1ð; vðÞÞ for each v 2 C 0; Tn
 
;E
 
. So for each x 2 B(0,C1)
we have Rx „ ;. Since N is continuous we can deﬁne a func-
tion w : L1 0; T
n
 
;E
 ! C 0; T
n
 
;E
 
by the formula
wðfÞðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞfðsÞ ds:
If we set V ¼ f 2 L1 0; T
n
 
;E
 
: kfk 6 uðtÞ a: e: on 0; T
n
  
,
then V is uniformly integrable in L1 0; T
n
 
;E
 
and, since
N ð; sÞ is uniformly continuous, wðVÞ ¼ fx 2 C 0; T
n
 
;

EÞ : xðtÞ ¼ N ð0; tÞCð0Þ þ R t
0
N ðt; sÞfðsÞds; f 2 Vg is nonempty
equicontinuous subset of C 0; T
n
 
;E
 
and so, convwðVÞ is non-
empty convex closed bounded and equicontinuous subset of
C 0; T
n
 
;E
 
. Now we can assume that there exist (xm,ym)2
Graph R such that xmﬁ x, ymﬁ y in C
0; T
n
 
;E
 
; ym : I! C 0; Tn
 
;E
 
is given by
ymðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞzmðsÞ ds
where zm 2 L1 0; Tn
 
;E
 
; zmðsÞ 2 D1ðs; xmðsÞÞ and
zmðtÞ ¼
N ðt; 0ÞCð0Þ if 0 6 t 6 T
nm
N ðt; 0ÞCð0Þ þ R t Tnm
0
N ðt; sÞzm ðsÞds if Tnm 6 t 6 Tn :
(
Thus
lim
m!1
kwðzmÞ  zmk ¼ lim
m!1
sup
t2 0;Tn½ 
kwðzmÞðtÞ  zmðtÞk
6 lim
m!1
sup
t2 0; Tnm½ 
kwðzmÞðtÞ  zmðtÞk þ sup
t2 Tnm;Tn½ 
kwðxnÞðtÞ  zmðtÞk
0
@
1
A
6 lim
m!1
sup
t2 0; Tnm½ 
Z t
0
CuðsÞ dsþ sup
t2 Tnm;Tn½ 
Z t
t Tnm
CuðsÞ
0
@
1
A ¼ 0:
Let H :¼ fzm : m 2 Ng and G :¼ fwðzmÞ : m 2 Ng. Thus H
and G are equicontinuous. Let vðtÞ :¼ cðHðtÞÞ; t 2 0; T
n
 
. Then
v(0) = 0. We Since izm  w(zm)i ﬁ 0 as mﬁ1 so, from
Lemma 2.9, c((Id  w)H) = 0 and
cðfzm : m 2 NgÞ ¼ cðfwðzmÞ : m 2 NgÞ:
Since for all t; s 2 0; T
n
 
,
cfwðzmÞðsÞ : m 2 Ng 6 cfwðzmÞðtÞ : m 2 Ng þ cfwðzmÞðsÞ
 wðzmÞðtÞ : m 2 Ng
and
cfwðzmÞðtÞ : m 2 Ng 6 cfwðzmÞðsÞ : m 2 Ng þ cfwðzmÞðtÞ
 wðzmÞðsÞ : m 2 Ng
From Lemma 2.7 jvðsÞ  vðtÞj 6 cðBð0; 1ÞÞ R s
t
C u(s) ds. There-
fore v is absolutely continuous function and thus it is differen-
tiable a.e. on 0; T
n
 
. Let ðt; sÞ 2 0; T
n
  0; T
n
 
with t 6 s. Since v
84 A.M. Gomaais continuous and w is Carathe´odory we can ﬁnd a closed subset
Ie of 0;
T
n
 
; d > 0; g > 0 ðg < dÞ and for s1; s2 2 Ie; r1;
r2 2 0; 2Tn
 
such that if Œs1  s2Œ< d, Œr1  r2Œ< d, then
Œw(s1,r1)  w(s2,r2)Œ< e and if Œs1  s2Œ< g, then
jvðs1Þ  vðs2Þj < d2. Consider the following partition, to [t,s],
t= t0 < t1 <   < tr= s such that ti  ti1 < g for i= 1,
. . . , r. Let Ai= {x(s): x 2 H, s 2 [ti1, ti] \ Ie}. Let Z be a
bounded subset of E and A ¼ hT
n
gn1ð; xÞ
 
: x 2 Z
n o
. Thus,
for each t2 0; T
n
 
; cðD1ðftg  ZÞÞ ¼ cðFdðftg  AÞÞ. From
Condition (A2),there exists a closed subset Je of 0;
T
n
 
such that
k(I  Je) < e and that for any compact subset C of Je
cðD1ðC ZÞÞ ¼ cðFdðC AÞÞ 6 sup
s2C
wðs; bðAÞÞ:
Now if A ¼ hT
n
gn1ð; xÞ
 
: x 2 Ai
n o
, then
cðD1ðC AiÞÞ ¼ cðFdðC AÞÞ 6 sup
s2C
wðs; bðAÞÞ:
Let Ti ¼ Je \ ½ti1; ti \ Ie; P ¼
Pm
i¼1Ti ¼ ½t; s \ Je \ Ie and
Q= [t,s]  P. Thus R s
t
D1ðs;HðsÞÞ ds 
R
P
D1ðs;HðsÞÞ dsþR
Q
D1ðs;HðsÞÞ. In virtue of Lemma 2.6 and from the continuity
of v we have ri 2 [ti1, ti] \ Ie such that
cðAiÞ ¼ supfcðAðsÞÞ : s 2 ½ti1; ti \ Ieg ¼ vðriÞ:
and by the mean value theorem we obtainZ
P
D1ðs;HðsÞÞ ds 
Xm
i¼1
Z
Ti
D1ðs;HðsÞÞ ds 
Xn
i¼1
kðTiÞconvD1ðTi  AiÞ
Now from the fact that w(t, Æ) is nondecreasing for every
t 2 [0,T] we have
c
Z
P
D1ðs;HðsÞÞ ds
 
6
Xm
i¼1
kðTiÞsup
si2Ti
wðsi; cðAiÞÞ
6
Xm
i¼1
Z
Ti
wðs; vðsÞÞ dsþ ekðTiÞ
6
Z s
t
wðs; vðsÞÞ dsþ eðs tÞ:
and
c
Z
Q
D1ðs;HðsÞÞ ds
 
6 cðBð0; 1ÞÞ
Z
Q
uðsÞ ds:
Also we have
cðwðHÞðsÞÞ 6 cðwðHÞðtÞÞ þ c
Z s
t
D1ðs;HðsÞÞ ds
 
:
Therefore
vðsÞ  vðtÞ 6 c
Z s
t
D1ðs;HðsÞÞ ds
 
6
Z s
t
wðs; vðsÞÞ ds:
So _vðtÞ 6 wðt; vðtÞÞ a.e. on 0; T
n
 
, but v(0) = 0 and w is a
Kamke function, then v ” 0. Consequently the weak closure
of ðzmÞm2N is weakly compact and so [26] we can suppose that
there exist l1ðsÞ 2 Fd s; hT
n
ðD1ð; x1ðtÞÞÞ
 
a.e. on 0; T
n
 
and the
sequence ðzmÞm2N converges to a continuous function x1 such
that x1 ¼ C on [d, 0] and for each t 2 0; Tn
 x1ðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞl1ðsÞds:
Now, by the mathematical induction for some
k 2 {1,2,3, . . . ,n}, we can assume that there exist
lk0 ðsÞ 2 Fd t; hk0T
n
fnk0 ð:; xk0 ðsÞÞ
 
a:e: on I; lk0 2 L1 0;
k0T
n
	 

;E
 
since the function hk0 is such that hk0 ¼ C on [d, 0] and for
each t 2 0; k0T
n
 
xk0 ðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞlk0 ðsÞds:
Also let gnk : d; kTn
  E! E be such that
gnkðt; xÞ ¼
xk0 ðtÞ if t 2 d; k0Tn
 
xk0
k0T
n
 þ n t k0T
n
 
x xk0 k0Tn
  
if t 2 k0T
n
; kT
n
 
:
8<
:
Arguing as in above, for the multivalued function
Fk :
k0T
n
; kT
n
  E! PfcðEÞ which is deﬁned by Fkðt; xÞ ¼
Fd t; hkT
n
gnkð:; xÞ
  
, we have a continuous function xk deﬁned
on k
0T
n
; kT
n
 
by
xkðtÞ ¼ N t; k
0T
n
 
xk0
k0T
n
 
þ
Z t
k0T
n
N ðt; sÞlkðsÞds
where lkðsÞ 2 Fd s; hkT
n
gnkð; xkðsÞÞ
  
a.e on k
0T
n
; kT
n
 
and
lk 2 L1 k0Tn ; kTn
 
;E
 
. Moreovere for each t 2 k0T
n
; kT
n
 
we have
xk0
k0T
n
 
¼ N k
0T
n
; 0
 
Cð0Þ þ
Z k0T
n
0
N
k0T
n
; s
 
lk0 ðsÞds
hence
xkðtÞ ¼ N t; k
0T
n
 
N
k0T
n
; 0
 
Cð0Þ þ
Z k0T
n
0
N t;
k0T
n
 
N
k0T
n
; s
 
lk0 ðsÞds
þ
Z t
k0T
n
N ðt; sÞlkðsÞds ¼ N ðt; 0ÞCð0Þ þ
Z k0T
n
0
N ðt; sÞlk0 ðsÞdsþ
Z t
k0T
n
N ðt; sÞlkðsÞds
¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞgkðsÞds;
where
gkðtÞ ¼
lk0 ðtÞ if t 2 0; k0Tn
 
lkðtÞ if t 2 k0Tn ; kTn
  :
(
Consequently, for all n 2 N, we have a continuous function
vn such that vn ¼ C on [d, 0] and for each t 2 I is deﬁned by
vnðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞqnðsÞds;
with
qnðtÞ 2 Fd t; hkTn g
n
kð:; vnðtÞÞ
 
a:e: on I:
where t 2 k0T
n
; kT
n
   I and k 2 {1,2,3, . . . ,n}. Let t1, t2 2 I with
t1 < t2. Then
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þ
Z t1
0
kN ðt1; sÞ N ðt2; sÞkkqnðsÞkds
þ
Z t2
t1
kN ðt2; sÞkkqnðsÞkds 6 kN ðt1; 0Þ N ðt2; 0ÞkkCð0Þk
þ
Z t1
0
kN ðt1; sÞ N ðt2; sÞkkuðsÞkdsþ C
Z t2
t1
uðsÞds
while vn ¼ C on [d, 0], this shows that L is equicontinuous in
CE[d,T]. Put cðLðtÞÞ ¼ cðfvnðtÞ : n 2 NgÞ, by the same as
above we get c (L(t)) = 0 for all t 2 I. Thus by Ascoli’s theo-
rem the sequence fvn : n 2 Ng converges uniformly to a func-
tion v 2 CE([d,T]) such that y ¼ C on [d, 0]. As in the proof
of Theorem 3.1 we obtain cðfqnðtÞ : n 2 NgÞ ¼ 0 and so
fqnðtÞ : n 2 Ng is relatively compact. Create a new multi-
valued function QðtÞ ¼ convfqnðtÞ : n 2 Ng. Thus QðtÞ is non-
empty convex and compact, the set d1Q ¼ fl 2 L1ðI;EÞ :
lðtÞ 2 QðtÞg is nonempty convex and weakly compact. By
Eberlein–Sˇmulian Theorem there exists a subsequence ðqnkÞ
of (qn) such that qnk ! l weakly, l 2 d1Q. Thus vn tends weakly
to N ðt; 0ÞCð0Þ þ R t
0
N ðt; sÞlðsÞds. Moreover since, for each
n 2 N; vn 2 CEð½d;TÞ; vn converges uniformly to v on each
compact subset of [d,T] and v is uniformly continuous on
[d, 0]; also for each t 2 I, there exists n > T
d
with t 2 k0T
n
; kT
n
 
for k 2 {1,2,3, . . . ,n} so,
hkT
n
gnkð:; vnðtÞÞ  htv
  6 sup
s2 d;Tn½ 
vn
kT
n
þ s
 
 v kT
n
þ s
 

	
þ v kT
n
þ s
 
vðtþ sÞk þ sup
s2 Tn;0½ 
T vnðtÞ  vn k
0T
n
  
þ vn k0Tn
 
 v kT
n
þ s
 

	
þ v kT
n
þ s
 
 vðtþ sÞ




! 0 as n!1
Therefore from Lemma 2.6 the solution set SðCÞ of integral
solutions of (Q) is nonempty. h
Theorem 4.2. Under the assumptions of Theorem 4.1 the solu-
tion set SðCÞ of the problem (Q) is compact.
Proof. If fvn : n 2 Ng is a sequence of SðCÞ, then arguing as in
the proof of Theorem 4.1 we can show that, for each
t 2 I; cðfvnðtÞ : n 2 NgÞ ¼ 0. Thus this sequence has a conver-
gent subsequence and so SðCÞ is compact. h
Now we consider the multivalued functions
S:C0ﬁ 2C([d,T],E) such that, for each C 2 C0, we have SðCÞ
is the solution set of problem (Q), St:C0ﬁ 2E with StðCÞ ¼
fvðtÞ : v 2 SðCÞg and SC : I! 2E deﬁned by SCðtÞ ¼
fvðtÞ : v 2 SðCÞg.
Theorem 4.3. The multivalued function S is upper semicontin-
uous moreover, both St and SC is upper semicontinuous and has
compact values. Further, the set [t2ISCðtÞ is compact in E.
Proof. To show that S is upper semicontinuous, for each
closed subset Z of CE([d,T]), we claim that the set
A ¼ fC 2 CEð½d; 0Þ : SC \ Z–;g is closed in CE([d,0]). Let
fCn : n 2 Ng  A such that Cn ! C. Then SCn \ Z–; and
hence there exists vn 2 SCn \ Z, where
vnðtÞ ¼ N ðt; 0ÞCnð0Þ þ
Z t
0
N ðt; sÞqnðsÞds;with qn(s) 2 Fd(s,hsvn) a.e. on I and qn(Æ) 2 L1(I,E). Now, for
each t 2 I, we have
cðfvnðtÞ : n 2 NgÞ 6 CcðfCnð0Þ : n
2 NgÞ þ Cc
Z t
0
qnðsÞds : n 2 N
  
:
But cðfCnð0Þ : n 2 NgÞ ¼ 0, where Cn ! C. Thus
cðfvnðtÞ : n 2 NgÞ 6 Cc
Z t
0
qnðsÞds : n 2 N
  
:
As in Theorem 4.1 we have cðfvnðtÞ : n 2 NgÞ ¼ 0, but the
sequence fvnðtÞ : n 2 Ng is equicontinuous, so from Arzela–
Ascoli theorem we can ﬁnd a subsequence ðvnkÞ converges to
v0 in CE([d,b]). Let vnkðtÞ ¼ N ðt; 0ÞCnkð0Þþ
R t
0
N ðt; sÞqnkðsÞds,
where qnkðsÞ 2 Fdðs; hsvnkÞ a.e. on I and qnkðÞ 2 L1ðI;EÞ. Then
we can write qnk ¼ C on [d, 0] and
qnkðtÞ ¼
N ðt; 0ÞCð0Þ if 0 6 t 6 T
nk
N ðt; 0ÞCð0Þ þ R t Tnk0 N ðt; sÞqnk ðsÞds if Tnk 6 t 6 T:
8<
:
As in the proof of Theorem 4.1 we obtain
cðfqnkðtÞ : k 2 NgÞ ¼ 0 for t 2 I, so qnk ! q0 2 L1ðI;EÞ and
from Lemma 2.6 q0(t) 2 Fd(t,htv0). Thus
v0ðtÞ ¼ N ðt; 0ÞCð0Þ þ
Z t
0
N ðt; sÞq0ðsÞds
and consequently A ¼ fC 2 CEð½d; 0Þ : SC \ Z–;g is closed
in CE([d, 0]) thus S is upper semicontinuous. Further, by
the same arguments we can show that
P ¼ fC 2 CEð½d; 0Þ : StðCÞ \ Z–;g is closed so, StðCÞ is
upper semicontinuous. Since SðCÞ is compact, then both SC
and St has compact values. Lastly the set
Q ¼ ft 2 I : SCðtÞ \ Zg is closed, then from Berge’s Theo-
rem [16] [t2I SCðtÞ is compact in E. h
Let Z be a compact subset of CE([d, 0]) and c : E! R be
lower semicontinuous. Now we consider the following control
problem
ðQcÞ _xðtÞ 2 AðtÞxðtÞ þ F
dðt; htxÞ
x ¼ C 2 Z
(
minimise cðxðTÞÞ:
The problem (Qc) has an optimal solution if there exist C 2 Z
and v 2 SðCÞ such that cðvðTÞÞ ¼ inffcðxðTÞÞ : x 2 SðCÞg.
Theorem 4.4. Under the assumptions of Theorem 4.1, the
problem (Qc) has an optimal solution.
Proof. If C0 2 Z#CEð½d; 0Þ, then there exists a continuous
function v 2 SðC0Þ and so, vðTÞ 2 STðC0Þ. But ST is upper semi-
continuous and has compact values, from Berge’s Theorem [16]
we have ST(Z) is compact and so c has its minimum T0 on
ST(Z). Now there exists C 2 Z such that v0 2 STðCÞ, where
c(v0) = T0 and v0 2 ST(Z), thus v0 2 SCðTÞ which means that
v0 = v(T) for some v 2 SðCÞ. Therefore cðvðTÞÞ ¼
inffcðxðTÞÞ : x 2 SðCÞg. h5. Conclusion
The problem (P) was investigated by many authors without de-
lay (h is the zero mapping), for instance, in [1] the author deals
86 A.M. Gomaawith the existence of weak and strong solutions while in [21,22]
the authors deal with the existence of strong solutions. Cicho´n
[23] deals with some existence theorems using different types of
integrals and its properties, Szep [24] considered a Peano type
theorem of ordinary differential equations in reﬂexive Banach
spaces and the result of Cramer–Lakshmikantham–Mitchell
[25] is stronger than that of Szep [24]. We concern with the
problem (Q) on account of its great practical interest since this
problem investigated, without delay, by many authors see
[3,10,6,9,8,26] and the references therein.
When AðtÞ ¼ 0; N ðt; sÞ ¼ id and a mild solution is a Carat-
he´odory one, we have a generalization to the existence theo-
rems of Deimling [3] Ibrahim and Gomaa [4], Kisielewicz [5],
Papageorgiou [6,7]. As A(t) „ 0 our results extend that of
[10,6,8,9]. Moreover much work has been done to study the
topological properties of the solution set for the differential
inclusions (see, for instance, [27–36]). Recent results with a ﬁ-
nite delay d> 0 in Banach spaces are obtained by Syam [37],
Castaing and Ibrahim [6] and Gomaa [38,39].
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